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Abstract: Extraction of VCSEL rate equation model parameters through joint optimization of 

modulation response and RIN spectra is presented. It accurately accounts for both ISI and noise, and 

employs drive-dependent parasitics found in VCSELs. 

 

1. Introduction 

VCSEL-MMF links have helped achieve high-speed in short reach data center links. Rate equation based modelling 

[1] and the associated parameter extraction have been studied in the past [2,3]. However, these techniques usually 

rely on matching only the modulation response of the VCSEL at a few bias points. In this paper, we present a 

parameter extraction technique capable of accurately estimating laser parameters used to simulate both relative 

intensity noise (RIN) spectra and small signal modulation response (S21) using stochastic differential laser rate 

equations. This technique requires only the measured RIN spectra and modulation response of the VCSEL. Our 

model includes the variation of bias dependent parasitics and the addition of RIN by incorporating Langevin noise 

sources into the rate equation. Though both RIN and S21 measurements are strongly recommended inputs, our model 

is capable of extracting parameters even when only one type of measurement is available.  

Fig. 1. Parameter Extraction Block Diagram   
 

TABLE I:  VCSEL Properties 
Description VCSEL A [4] VCSEL B [5] VCSEL C 

Injection Efficiency, 𝜂𝑖 0.57 0.81 0.26 

Spontaneous Emission Factor, 𝛽 1x10-4 1x10-3 2.1x10-2 

Carrier Lifetime (ns), 𝜏𝑛 5 2.12 0.99 

Photon Lifetime (ps), 𝜏𝑝 4.09 5.13 3.02 

Gain (s-1), 𝐺𝑜 10.31x105 3.69x105 11.9x105 

Gain Saturation Factor, 𝜖 4.18x10-6 0.11x10-6 2.81x10-6 

Carrier Transparency, 𝑁𝑜 1x105 1.96x104 1.7x104 
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2.  Parameter Extraction - Frequency Response 

Figure 1 details the steps in extracting the VCSEL’s rate equation parameters shown in Table 1. For simplicity, a 

single mode VCSEL model was employed [1], where its rate equation is shown in Table 1. To speed up optimization 

we must first linearize the rate equations using the differential analysis approach discussed in [6]. The intrinsic 

response, characterized by the resonance frequency 𝜔𝑟 and damping 𝛾, is given by: 
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It is important to note that the laser parameters that make up 𝜔𝑅
2  and 𝛾 in (1) are unique to the rate equation in [1] and 

must be recalculated if another laser rate equation is used. Note that we have defined (1) as the intrinsic response of 

the laser which does not account for any internal or external VCSEL parasitics. VCSELs have also been found to 

exhibit a 3rd order or higher frequency response [7] that cannot be captured by the VCSEL rate equations alone. 

Therefore, we must introduce parasitics like those found in [8,9]. The contribution of the parasitics can be found from 

measured data as shown in [2,9] or through a more direct approach as shown in [5, 6]. We choose the direct approach 

which allows us to write the complete small signal response of the system, which includes the parasitic transfer 

function 𝐻𝑝𝑎𝑟𝑎𝑠𝑖𝑡𝑖𝑐(𝜔) as: 
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Where 𝐻𝑝𝑎𝑟𝑎𝑠𝑖𝑡𝑖𝑐(𝜔) has been defined as a simple lowpass filter. More complex parasitic circuits can be chosen [6], 

on a case-by-case basis, depending on the experimental setup. 
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3.  Parameter Extraction - RIN Spectrum 

Two major sources of BER degradation is noise and inter symbol interference (ISI). While optimization of the 

frequency response ensures an accurate incorporation of ISI, the noise sources also need to be realistically added. RIN 

is a crucial noise source in a VCSEL-MMF links because it ultimately places an upper limit on the achievable signal 

to noise ratio. The IEEE 802.3 standard assumes RIN to be white with an equivalent RIN parameter. However, the 

use of higher baud rates makes the generation of colored RIN crucial, especially when using higher order modulation 

formats. Noise has been added to the model through the addition of Langevin sources to the carriers and photons [6] 

where correlations are given by: 
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The photon spectral density and RIN can be expressed as: 
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where the parameters 𝛾𝑁𝑁, and 𝛾𝑆𝑁 are derived using the methodology in [6]. Though the spectral shape of RIN is 

related to the frequency response of the laser, it is not identical. Hence, optimizing the modulation response does not 

automatically optimize the RIN spectra of the model. Parameter extraction through joint optimization of the frequency 

response and the RIN spectra must be performed to have an accurate representation of both. It is important to note that 

(5) is not the standard definition of RIN, but since the number of photons is directly proportional to output power, it 

is a good approximation for non-shot noise limited systems. 

4.  Parameter Extraction Methodology 

Since no a priori knowledge of the VCSEL is assumed, it is important to develop an iterative approach that will extract 

a realistic set of laser parameters, and converge to the measured S21 and RIN spectrum without the need for time 

intensive computations. We have developed a multistage extraction process where we match the experimental 

measurements to our analytical calculations using (1) and (2) which are then used to extract laser parameters. These 

parameters will be used to match the VCSEL rate equations back with the experimentally measured data. To calculate 

S21 we send tones through the rate equation and measure the frequency response. To calculate RIN we measure the 

PSD of an unmodulated signal. This split step approach enables us to use mathematical expressions for generating 

most of our simulated curves during the optimization stage rather than directly integrating the laser rate equations, 

which significantly reduces the computation time.  As shown in Fig. 1a, we first match the analytical expression in 

(2) to the experimentally measured frequency response by minimizing the mean squared error between (2) and the 

measured S21. Note that each bias dependent frequency response is optimized independently and in the order of 

increasing drive current, making sure that the extracted parasitic frequency 𝜔𝑝 increases with the input drive current. 

After this step we should have full knowledge of 𝜔𝑅, 𝛾 and 𝜔𝑝 for each bias current, as shown in the Fig. 2b. The 

intrinsic laser response can now be calculated using (1), 𝜔𝑅, and 𝛾 while 𝐻𝑝𝑎𝑟𝑎𝑠𝑖𝑡𝑖𝑐(𝜔) in (2) can be used to filter the 

input current coming into the VCSEL. The damping factor, 𝑘, can be extracted by linearizing the damping as shown 

in Fig. 2c, through the equation  𝛾 = 𝑘𝑓𝑅
2 + 𝛾0, where 𝛾0 is the damping offset. 

Since we have full knowledge of the intrinsic frequency response and RIN spectra of the VCSEL we are now able to 

expand (1) into its laser parameters. Our cost function maps the intrinsic frequency response and RIN spectra to the 

   

Fig. 2. (a) Matching VCSEL A’s frequency response (*) with VCSEL rate equation parameters (-) using parasitic filter extracted from 

optimization. The extracted rate equation parameters together with the extracted parasitic filter provide a good match between the modelled and 

measured frequency responses. (b) Optimized current dependent sources. (c)  Linear fit of 𝛾 with 𝜔𝑅
2  after fine tuning. 
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individual laser parameters by accounting for all bias points and frequencies that have been experimentally measured, 

adding their mean squared errors and returning a single error value that is then minimized. A set of reasonable start 

values has been created and reasonable bounds are assumed for the laser parameters. Twenty-five random starting sets  

of laser parameters are generated and iteratively optimized, where the set of values with the lowest associated cost is 

considered a near global minimum solution. Once the laser rate parameters are extracted, the final simulated RIN 

spectrum and the simulated intrinsic frequency response is generated directly from the laser rate equations. Note that 

the S21 is computed from the laser rate equations by using sinusoidal tones as the input while the RIN spectrum is 

computed by taking the PSD of the non-modulated output over its mean. 

5.  Validation 

   
Fig. 4. Stochastic VCSEL rate equation solution to a (a)10G PRBS7 pattern, (b)25G PRBS7 pattern, (c)50G PRBS7 pattern 

The extraction method was applied on 3 different VCSELs. Figures 2a and 3a show excellent agreement between 

simulated and measured values for both VCSELs. Deviations from the measured values can be attributed to both 

experimental uncertainty and the simplistic view of the parasitics in (2). Figure 3b shows excellent agreement between 

simulated and experimentally measured RIN. It should be noted that the experimental RIN is higher at lower 

frequencies due to mode partition noise (MPN) which has not been accounted for in this model. Frequencies above 

16GHz also do not match due to the hardware limitations as noted here [5]. To easily view the bias dependent RIN in 

an eye diagram, the measured RIN data from [5] was artificially shifted up by 20dB as shown in Fig 3c. The S21 and 

RIN spectrum shape the stayed the same and the parameter extraction optimization ran once more.  Figure 4 includes 

the simulated VCSEL RIN, results shown under VCSEL C in Table I. ISI effects become evident as the VCSEL is 

driven faster. The intensity noise is relative to the optical power level and hence, for the same RIN parameter, there 

should be more noise added to the higher levels. Most models simply add a constant average noise to the entire signal. 

However, as seen from Fig. 4 our model adds level-dependent noise.  

6.  Conclusion  

A novel efficient method of extracting parameters for a rate equation based VCSEL model with RIN was presented. 

It employed joint computations of both modulation bandwidth and RIN spectrum and could accurately extract data 

from two different manufacturers. The results of the rate equation based model relying on these extracted parameters 

was found to be in close agreement with experimentally measured results. 
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Fig. 3. (a) Matching VCSEL B’s measured frequency response (-) with VCSEL rate equation parameters (*) using parasitic filter extracted from 

optimization. Results show excellent agreement over a wide range of bias points. (b) VCSEL rate equation RIN spectra (-) using parameters 

shown in Table 1 and measured data from VCSEL B (*). (c) Shifted up version of data from VCSEL B, parameters shown under VCSEL C 
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