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Abstract A paradigm for quantum network (QN) design involves using switching to share devices. This
paper presents a node selection and detector placement strategy for switched QNs. Investigations show
that switching is beneficial when the required key transmission rate in a graph is below a threshold.

Introduction

There has been remarkable progress in quantum
networks in recent years, both practicallyl and
through theoretical optimisations®1'3 focusing
on using mixed integer linear programs (MILPs)
to investigate entanglement quantum networks
(QNs)H8l " to optimise the cost of trusted node
QNsPH™ and define metrics to assess their qual-
ityl’2.  Work on investigating optimal building
strategies in regular, symmetric QNs has also
been carried out!.

While switching has been investigated practi-
cally to combat denial of service attacks!'>H'®
and implemented in small networks!'”) there has
been little focus on the cost reduction benefits.
Switches can be used to share devices thus re-
ducing the required number in the network.

In this paper, we consider two QN models,
Trusted Node (TN) and Twin Field Quantum Key
Distribution (TF-QKD) modelst’® presented in
the next section, and design MILPs to optimise
the cost given a traffic requirement matrix. For
each model, we use these MILPs to investigate
the benefits of switching on network graphs in-
cluding the BT Core Network graphl™®.

Quantum Network Models

We first consider the TF-QKD model, described
inl’® Detectors are collocated on single nodes al-
lowing the use of superconducting nanowire sin-
gle photon detectors (SNSPDs) in QNs without
incurring large cooling costs. Keys are generated
using the asymmetric TF-QKD protocol221],

We also consider the TN model. Users are
untrusted and connected via intermediate trusted
nodes using the Decoy State BB84 protocoll22,

Figure [1| plots the capacities as a function of
connection length for cold (SNSPDs) and warm
detectors (SPADs) calculated using methods de-
scribed inl18l,
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Fig. 1: Secure key rates used in the investigation. TF-QKD
rates shown for symmetric setup.
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Fig. 2: Ratio of switched to not-switched graph cost against
increasing key transmission requirement for TF-QKD model.

Methods
TF-QKD Model: We consider a network graph
G = (V,E), where vertices are separated into
user nodes S C V and potential detector sites
D c V for cooled (SNSPD) and uncooled (SPAD)
detectors m € {u,c}. We further assume the ex-
istence of a mapping of distances to capacities
based on asymmetric TF-QKDEY R™ . (d, dy) —
¢ : m € {u,c}, where d is the total dB loss be-
tween nodes and d,; is the dB loss between one of
the nodes and the detector including switch loss.
Given a transmission requirement matrix 7T;; be-
tween user nodes, a cost for adding detector pairs
C7, and a cost for turning ‘on’ a detector site C,

€ on?’

a maximum number of detectors on each site A



and a parameter M;; defining the minimum re-
quired number of unique paths with transmission
T;; for rigidity, we find the cheapest way to build
the connected network.

We define K = {(i,j)li,5 € S} as the
set of users that wish to connect and ¥ =
{(i,7,d)|(i,j) € K,d € D} as all possible con-
necting paths. We assume the shortest distance
between users and detectors is used. f, is the
fraction of total time used in network calibration.

Variables: We denote the ‘on/off’ state of the
detector site by 67" € {0,1}, A" € NT as the num-
ber of detectors on site (d,m) and Q}* € RT as
the fraction of time the detector is generating keys
forpath k € Y, m € {u, c}. We define the MILP as:

min : Z (CR AT+ Cl T

deD
me{u,c}

subject to :
A < ASJVd € Dym € {u,c}

> Qe 2 MyTy vijer (1
deD
mée{u,c}

gy Qreiijay < Tij Yk € Y,m € {u,c}

Z QZL:(i,j,d) <al}Vd e D,m € {u,c}
€K

The objective is to minimise the cost of adding de-
tectors and turning detector sites ‘on’. Constraint
1 ensures up to A detectors are placed in ‘on’
sites and none in ‘off’ sites. Constraint 2 ensures
the total key flow for each commodity satisfies the
traffic requirement matrix, constraint 3 ensures
M;; unique paths are taken®®, while constraint 4
ensures there are enough detectors on the site
for the required key flow. The factora =1 — fs is
added to account for the calibration time.
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Fig. 3: Ratio of switched to not-switched graph cost against
increasing key transmission requirement for TN model
Trusted Node Model: We consider a graph

G = (V, E), where vertices are split into untrusted

user node S C V, and trusted node T' C V sets.

We further assume the existence of a mapping for
key rates R : d — ¢, dependent on the loss of the
connection. Given T;; Vi, j € S, a maximum num-
ber of devices on each node A, M;;, the cost of
each detector C” and source C*° and the cost of
turning ‘on’ a trusted node i € T: Ci,;, we find
the cheapest way to build the connected network.

We further define K = {4, j|i,j € S,7 > j} and
N (i) as the neighbours of i in G.

Variables: Denoting the ‘on/off’ state of a
trusted node by d; € {0,1}, zf; € R* as the qubit
flow from source i to detector j for commodity &
and X}, = zF, + 2% € R* as the flow of logi-
cal keys across edge i, j for commodity k. Note
that /% is the logical key flow in the i, j direction
but a qubit flow in the j, ¢ direction. Further defin-
ing NP, N € N* as the number of detectors and
sources on node i respectively, the MILP is de-
fined as:

minY_, 7 (Cin 0 + CPNP)  + 3,0y CENF

st N2 < Ad; VieT 1
NP < A5 VieT 2
ZjEN(i) &iijfk] <aN? VieV 3
> ieN () % <aNP VieT 4
Zjex\/(i)&%jz?’iéo vVielS 5
Y menm Xnm =0 Ve V\{i,j}6
S menn Xnn = Mo Toj 7
Xy =0 VjiesS\{m} 8
Xo 57 =0 YneN(@GE) 9

(n,i
X o
7,
(n,m)
2jent Xig < T

Vn € N(j) 10
VieV\{n} 11
- N N )

where xio ) = xk (00 _ xk=(03) and con-
straints 6 — 11 are over k € K. The objective is
to minimise the cost of turning trusted nodes ‘on’
and adding sources and detectors. Constraints
1-2 ensure that no detectors or sources respec-
tively are placed in ‘off’ nodes and their number
does not exceed A. Constraint 3 ensures there
are enough sources on a node to accommodate
the key flow through it. Constraints 4-5 do the
same for detectors. We assume no detectors are
placed on user nodes. Constraint 6 is the con-
servation of key flowl'?. Constraint 7 ensures the
key requirement is met and constraint 11 ensures
M;; unique paths are used®. Constraint 8 en-
forces that users in the network are untrusted.
Constraints 9-10 prevent loops!'3l.



Fig. 4: BT Core Networkl'®). The two subnets in ellipses are
connected using the TF-QKD model. The green nodes are
TNs connecting to the rest of the network. Outside the
subnets, the TN model is used, where for long connections
TNs are added every 50km to ensure connectivity.

Results
We first investigate random mesh graphs, en-
closed in a 100km x 100km square, with average
connectivity 3.5, and uniform T;; = c¢pin. We use
Cplex¥ to solve the models assuming A = 12,
M;; =2, f, = 0.1, a switch loss of 1dB, fibre at-
tenuation of 0.2dB/km, C§,, = 3.27, C¥%, = 1.68,
cs,, = 1136, Cv, = 1, CP = 0.1, CJ = 0.02
and Cy, ; = 1. Figure shows the relative cost of
the switched compared to the not-switched net-
work for the TF-QKD model for graphs with |S| =
40, |D| = 10. At low T};, the ability to share detec-
tors results in costs reduced by > 60% of the not-
switched cost even when switching is limited to 2
devices, while cost reductions > 20% can be ex-
pected even at T;; = 4.5kbits/s. Figure [3|shows
the relative cost of the switched compared to the
not-switched network for the TN model for graphs
with |T'| = 19, |S| = 6. Switching only reduces the
network cost by up to 6% at low T;; while at high
T;; switched networks are more expensive, a re-
sult of the switch loss and calibration time. The
dips can be attributed to the fact that sharing de-
tectors is least effective when an integer number
of detectors per connection is needed and some
saving can be expected when we go above this
integer. However this is not as significant as the
original dip. The TF-QKD model benefits from
switching at higher T;; than the TN model.

Next, we consider the BT Core network model
shared under the IDEALIST EU Collaborative
project™ illustrated in Figure[d] T; is given in Ta-
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Fig. 5: Ratio of switched to not-switched graph cost against

scalings of T;; from Table [1|for the graph in Figure

T;; 1=12 | i=1 1=16 | i =17 [t =21
j=2 5.7 5.3 2.4 0.8 2.7
j=12| 0 17.1 7.7 2.6 8.8
j=13 0 0 7.2 2.5 8.2
j=16 0 0 0 1.1 3.7
7 =17 0 0 0 0 1.3

Tab. 1: T;; in kbits/s for the graph in Figure

ble[fland we set M;; = 1. The nodes in the circles
are connected using the TF-QKD model, as two
separate subnets, and nodes outside these sub-
nets are connected with the TN model. For long
distance connections we add TNs every 50km.
Figure [5| shows the ratio between switched and
not-switched network cost for this graph for vari-
ous scalings of T;;. We scale the costs in the TN
model by 8 to comply with the TF model costs.
We see the graph follows similar trends to the
TN model graph, demonstrating that the dominant
cost comes from the TN section and that the re-
sults can be extended to real networks. At low T;;,
up to 2.5kbits/s average, savings of ~ 4% can be
expected from switching. However, at higher T;;
the switching graph becomes more expensive.

Conclusions
We have proposed MILP models to optimise the
cost of building quantum networks for a given
transmission requirement between users with
switching for both the TN QN model and TF-QKD
QN modell8l,

Investigations show that switching can result in
significant cost savings when the user key rates
are below a given threshold, which is higher for
the TF-QKD model than the TN model. We further
show that the benefits of switching at low trans-
mission requirements generalises to a real net-
work. Development of heuristic algorithms pro-
vides an avenue for future research.
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