
On Kurtosis-limited Enumerative Sphere Shaping for Reach
Increase in Single-span Systems

Yunus Can Gültekin(1), Alex Alvarado(1), Olga Vassilieva(2), Inwoong Kim(2),
Paparao Palacharla(2), Chigo M. Okonkwo(1), Frans M. J. Willems(1)

(1) Eindhoven University of Technology, 5600 MB Eindhoven, The Netherlands, y.c.g.gultekin@tue.nl
(2) Fujitsu Network Communications, Inc., Richardson, 75082 TX, USA

Abstract The effect of decreasing the kurtosis of channel inputs is investigated for the first time with
an algorithmic shaping implementation. No significant gains in decoding performance are observed for
multi-span systems, while an increase in reach is obtained for single-span transmission.

Introduction
Probabilistic amplitude shaping (PAS) is a coded
modulation strategy that increases achievable in-
formation rates (AIRs) of communication sys-
tems[1],[2]. This increase can be explained in
two ways for the additive white Gaussian noise
(AWGN) channel. From a distribution point of
view, PAS generates inputs with an approximately
capacity-achieving distribution[3],[4]. From a cod-
ing point of view, PAS encodes data bits to signal
points more energy-efficiently[5],[6].

For fiber-optical channels, the enhanced Gaus-
sian noise (EGN) model predicts that inputs with
high kurtosis lead to a high nonlinear interference
(NLI), and hence, a low effective signal-to-noise
ratio (SNR)[7]. The kurtosis-dependency of NLI is
often used to explain the SNR-penalty observed
with AWGN-optimal shaping: Gaussian-like dis-
tributions have high kurtosis[8],[9].

Kurtosis has mostly been studied from a dis-
tribution but not from a coding point of view:
the input was optimized to maximize the SNR
or the AIR[8]–[11]. In[12], an amplitude shaper
was designed specifically for kurtosis reduction
based on lookup tables (LUTs). We recently pro-
posed kurtosis-limited sphere shaping (KLSS),
which extends the idea of sphere shaping by in-
troducing a constraint on the kurtosis of ampli-
tude sequences, in addition to the constraint on
their energy[13]. Adopting a coding point of view,
KLSS creates a spherical-like signal space from
which high-kurtosis signal points are excluded, as
shown in Fig. 1. The resulting signal structure is
more suitable for fiber-optical channels. Unlike a
LUT-based approach, KLSS is implemented with
a constructive shaping algorithm, kurtosis-limited
enumerative sphere shaping (K-ESS). To the best
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Fig. 1: Shell occupation in an n-dimensional sphere: (Left,
red) sphere shaping, (right, blue) kurtosis-limited sphere
shaping. Since a higher energy usually implies a higher

kurtosis, the sequences that are excluded due to K•

(orange) are mostly from outermost shells.

of our knowledge, K-ESS[13] is the only construc-
tive kurtosis-limited shaping algorithm available in
the literature.

This paper complements the introduction of K-
ESS by studying its performance for short- and
long-haul systems. The obtained conclusion is
that kurtosis plays the most significant role for
short distances[10],[14], and thus, K-ESS provides
improvements for single-span systems. In single-
span systems, the gains are shown to be larger
for systems with fewer wavelength division multi-
plexing (WDM) channels. This conclusion agrees
with the results from the literature[8],[9],[11] pre-
dicting that gains obtained by optimizing inputs
specifically for optical channels exist, but are lim-
ited. Our main contribution is to investigate the
effect of reduced kurtosis and confirm via an ac-
tual shaping algorithm that kurtosis-limited prob-
abilistic shaping seems to be beneficial only for
single-span systems with a few WDM channels.

Sphere Shaping for Optical Channels

In PAS, amplitudes of the channel inputs are de-
termined by a shaper. Sphere shaping is a shap-
ing approach where amplitude sequences from
within an n-spherical shaping set (see Fig. 2 (left))
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Fig. 2: Kurtosis of the channel inputs obtained using sphere
shaping with 64-ary quadrature amplitude modulation
(64-QAM, m = 3). The blue and the black diamonds

correspond to KLSS with n = 32 and 64, respectively.

A•=

{
an = (a1, a2, . . . , an) :

n∑
i=1

a2i ≤ E•

}
, (1)

are used, where ai ∈ {1, 3, . . . , 2m− 1} for integer
m ≥ 1. For decreasing values of E•, the shaping
rate k/n = blog2 |A•|c /n (in bits per amplitude)
decreases. Shaping increases energy-efficiency
and leads to Gaussian-like 1D symbol distribu-
tions, and thus, increases the AIRs for the AWGN
channel[15]. Sphere shaping has also been shown
to improve performance for optical links[16]–[19].

For optical channels, the effective SNR de-
pends on the fourth order standardized moment[7]

µ4 =
E[|X − E[X]|4]

(E[|X − E[X]|2])2
, (2)

of the channel input X. In Fig. 2, µ4 is plotted
for sphere shaping. With respect to uniform sig-
naling, sphere shaping has an increased kurtosis
which is close to that of 2D Gaussian distribution
for shaping rates 0.5 ≤ k/n ≤ 1.5. Furthermore,
for increasing values of blocklength n, kurtosis in-
creases. We believe that this might (partly) ex-
plain the results observed in the literature, where
larger n result in lower effective SNRs[18]–[21].

Kurtosis-limited Sphere Shaping
To devise a shaper that produces inputs with low
kurtosis, we define the kurtosis-limited sphere
shaping (KLSS) set (see Fig. 2 (right))

AN=

{
an :

n∑
i=1

a2i ≤ E• and
n∑

i=1

a4i ≤ K•

}
. (3)

The shaping rate blog2 |AN|c /n can be adjusted
by changing the values of the maximum-energy

E• and maximum-kurtosis K• constraints. As
K• decreases, sequences with high kurtosis are
eliminated from the shaping set, and hence, the
rate decreases. To compensate for this decrease
and to keep the rate constant, E• should be in-
creased (see Fig. 1). By varying E• and K•, a
trade-off between energy-efficiency and kurtosis
is created. The sphere shaping set A• (1) is the
same as KLSS set AN (3) for K• → ∞. Thus,
KLSS can be seen as a generalization of sphere
shaping.

In Fig. 2, the minimum µ4 that can be obtained
with KLSS is shown with diamonds. The minimum
is found by computing µ4 of KLSS for all pairs of
(E•,K•) that satisfy the rate constraint according
to (3). We see that the kurtosis-limitation indeed
leads to smaller µ4 than that of sphere shaping at
the same rate. Furthermore, µ4 is relatively flat
and independent of n for KLSS. To confirm that
smaller-µ4 inputs obtained with KLSS lead to im-
proved performance, an actual constructive shap-
ing algorithm was proposed[13]. This shaper is a
modified version of the enumerative sphere shap-
ing algorithm[22] and we call it K-ESS.

Numerical Results
We simulated optical transmission based on a
standard single-mode fiber (SSMF) with an atten-
uation of 0.19 dB/km, a dispersion parameter of
17 ps/nm/km, and a nonlinear parameter of 1.3
1/W/km. At the end of single-span links, there
is an erbium-doped fiber amplifier (EDFA) with a
noise figure of 5.5 dB. In the multi-span scenario,
spans are of length 80 km, separated by the same
EDFA. The transmitter generates a dual-polarized
56 Gbaud 64-QAM signal (with a root-raised-
cosine pulse with 10% roll-off) using WDM with
62.5 GHz spacing. For multi-span transmission,
the number of channels is Nch ∈ {1, 11, 21, 31}.
For single-span transmission, Nch ∈ {1, 11, 41}.

The 648-bit low-density parity-check codes of
the IEEE 802.11 standard are used for forward er-
ror correction (FEC). The target information rate
is 8 bit/4D (448 Gbit/s) which is achieved us-
ing the rate-2/3 code for uniform signaling. For
shaped signaling, PAS is realized with the rate-5/6
code and an amplitude shaper with shaping rate
k/n = 1.5 bit/amplitude. Both ESS and K-ESS
are realized with n = 108. All pairs of (E•,K•)

that satisfy the rate constraint for KLSS were sim-
ulated and the one that leads to the best perfor-
mance was chosen. The performance metric is
the frame error rate (FER) at the optimum launch
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Fig. 3: Reach increase obtained using sphere shaping and
kurtosis-limited sphere shaping for long-haul transmission.
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Fig. 4: Reach increase obtained using sphere shaping and
kurtosis-limited sphere shaping for single-span transmission.

power where a frame is a 648-bit FEC codeword.
In Fig. 3, the maximum number of spans at

which a FER of 10−3 can be achieved is shown for
multi-span transmission. We see that more than
30% reach increase can be obtained for long-haul
systems using AWGN-optimal shaping schemes
such as ESS. These gains are comparable to
the values reported in[2],[18]. For such systems,
the optimum K-ESS scheme is the one that has
an inactive kurtosis constraint, which corresponds
to ESS. Thus, for multi-span systems, AWGN-
optimal inputs perform well enough that further
optimizations based on kurtosis do not provide
additional improvement. This is in agreement
with[8] where no improvement in AIR is obtained
by optimizing the input based on the EGN model.

In Fig. 4, the maximum distance at which a FER
of 10−3 can be achieved is shown for single-span
transmission. We see that the largest improve-
ment provided by K-ESS is obtained for Nch = 1.
In this case, ESS provides a 1.5% reach increase
over uniform signaling, while the increase is 2.5%
for K-ESS. As Nch increases to 11 and then to
41, the reach increase by ESS also increases to
3.6% and then to 9.1%. However, with increas-
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Fig. 5: Launch power vs. effective SNR for single-span
single-channel transmission over 197 km of SSMF.

ing Nch, the performance of K-ESS converges to
that of ESS. These observations imply that for
single-span systems, as Nch increases, AWGN-
optimal inputs are again good enough, and the
importance of kurtosis in the optimization of the
input decreases. This conclusion is in agreement
with[9] where only marginal improvements in SNR
and AIR were obtained by optimizing the input
distribution based on the EGN model for single-
span transmission with Nch = 9.

In Fig. 5, effective SNR is shown for single-
channel transmission over 197 km SSMF, where
uniform signaling achieves a FER of 10−3. ESS
has a 0.35 dB SNR-penalty with respect to uni-
form signaling due to its high kurtosis. K-ESS
recovers 0.26 dB of this loss. For this scenario,
uniform signaling achieves the largest SNR, while
providing the worst decoding performance (see
Fig. 4 at Nch = 1). This is due to the shaping
gain obtained with ESS and K-ESS. K-ESS ob-
tains a better trade-off between the shaping gain
and the kurtosis, and achieves the smallest FER,
or equivalently, the largest reach.

Conclusions
We have discussed kurtosis-limited sphere shap-
ing (KLSS) as an amplitude shaping approach
to generate shaped channel inputs with low-
kurtosis. An algorithmic implementation of KLSS
is realized based on enumerative sphere shaping
(ESS) and is called K-ESS. Numerical simulations
demonstrate that the reduction in kurtosis and the
resulting decrease in the nonlinear interference
do not lead to any improvement in performance
for long-haul systems. For single-span systems,
however, an increase in reach is obtained, espe-
cially for a relatively small number of channels.
Future work should focus on shaping algorithms
better tailored to the nonlinear optical channel.
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[1] G. Böcherer, F. Steiner, and P. Schulte, “Bandwidth effi-

cient and rate-matched low-density parity-check coded
modulation”, IEEE Trans. Commun., vol. 63, no. 12,
pp. 4651–4665, Dec. 2015.

[2] F. Buchali, F. Steiner, G. Böcherer, L. Schmalen, P.
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