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Abstract Transmission of BPSK words optically decoded using a cascade of interferometric stages
presents an alternative to current modulation standards for photon-starved communication, shifting the
bulk of the system complexity to the receiver. Importantly, imperfect interference visibility does not
undermine the attainability of high photon efficiency.

Introduction

In specialized optical communication scenarios,
such as downlink transmission of data collected
by deep-space probes[1], the typical power spec-
tral density (PSD) of the received optical signal
remains well below the energy of a single photon
at the carrier frequency per unit time-bandwidth
area. Compared to conventional fiber optical
communications[2], such photon-starved regime
requires distinct modulation/demodulation strate-
gies to maximize the information rate. Under
severe power constraints, the relevant figure of
merit to characterize the system performance is
the photon information efficiency (PIE) specifying
how much information can be carried by one re-
ceived photon[3]. The current modulation stan-
dard for deep-space optical communication links
is the pulse position modulation (PPM) format for
which the PIE value of 13 bits per photon has
been demonstrated[4] with photon counting direct
detection. Scaling up the PIE requires increas-
ing the modulation format order, which in the case
of the PPM format translates into a higher peak-
to-average power ratio for the emitted optical sig-
nal. The latter, however, is typically constrained
by the physics of the transmitter laser subsystem.
Other methods that avoid high peak-to-average
power ratio, such as frequency shift keying (FSK),
rely on a more intricate construction of the trans-
mitter[5]. A recently proposed alternative[6] ad-
dressing this issue is to use binary phase shift
keyed (BPSK) optical signal with suitable encod-
ing. Properly chosen words composed from el-
ementary BPSK symbols can be converted opti-
cally into the PPM format in the receiver using a
cascade of interferometric stages[7] that concen-
trate the signal optical energy in the optical do-
main. In the ideal case the resulting PIE is equiv-
alent to that of PPM, but attained with uniformly

distributed optical energy in the transmitted sig-
nal. Moreover, the format order can be increased
simply by generating longer BPSK words.

The purpose of this paper is to assess the im-
pact of non-ideal interference visibility in the mul-
tistage receiver for the above scenario. It is found
that the PIE scaling with the signal PSD remains
the same as in the ideal case, while the actual PIE
value is reduced by a multiplicative factor that can
be estimated solely using the interference visibil-
ity. This is rather propitious given that the number
of interferometric stages increases with the for-
mat order, hence potentially compounding errors
induced by non-ideal interference.

Modulation and optical decoding
The method for photon-efficient communication
considered here uses sequences of M = 2m

BPSK pulses occupying individual temporal slots.
Each sequence is modulated as one of M words
defined by rows of an M -dimensional orthog-
onal Hadamard matrix[6],[8]. The words can
be conveniently labeled with m-bit strings b =

bm−1 . . . b1b0. The ith bit, i = m − 1, . . . , 1, 0,
contributes a phase factor alternating between
1 and (−1)bi every 2i slots. The overall phase
of an individual pulse in the sequence is given
by a product of the phase factors contributed
by all the bits in the string b. For example,
Hadamard words for M = 8 are explicitly given
by
(
1, (−1)b0 , (−1)b1 , (−1)b1+b0 , (−1)b2 , (−1)b2+b0 ,

(−1)b2+b1 , (−1)b2+b1+b0
)
.

Optical decoding of the Hadamard words is im-
plemented using a cascade of m interferometric
stages. Each stage acts as a 50:50 beam split-
ter on the optical field in pairs of adjacent time
intervals, as shown in Fig. 1(a). Such a transfor-
mation can be realized e.g. using fast polariza-
tion switching and polarization-dependent delay
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Fig. 1: (a) One stage of the interferometric receiver, represented as a wide vertical arrow, implements a 50:50 beam splitter
transformation between pairs of adjacent time intervals. The label T denotes the interval duration. (b) A cascade of m = 3

interferometric stages processing BPSK Hadamard words of length M = 2m = 8. Consecutive stages act on time intervals T /2,
T /4, T /8 that are power of two fractions of the sequence duration T . Each stage concentrates the optical energy in one of the

two input intervals that is determined by the value of the respective bit in a string b = b2b1b0 labeling the Hadamard word.

lines[7]. The length of the time interval for the jth
stage, j = 1, 2, . . . ,m, is set to T /2j , where T is
the duration of the entire sequence. Because of
the mathematical construction of Hadamard ma-
trices, each stage will concentrate the entire op-
tical energy in one of the two paired input inter-
vals. That way the jth stage optically decodes the
value of the bit bm−j as illustrated with Fig. 1(b)
for sequences of length M = 8 processed by
m = 3 stages. Eventually, the cascade concen-
trates the entire optical energy of the sequence in
a single temporal slot related one-to-one with the
input Hadamard word. The position of that slot is
determined by direct detection.

When the interference visibility V of individual
receiver stages is less than one, V < 1, only a
fraction 1

2 (1 + V ) of the optical energy is concen-
trated in the correct time interval, while the re-
maining part 1

2 (1 − V ) is left in the adjacent in-
terval. As a result, at the output of the cascade
the optical energy is distributed unevenly between
multiple slots as shown in Fig. 2. In such a gen-
eral case the attainable information rate is given
by the Shannon mutual information between the
input Hadamard words b and photon counting
events detected at the cascade output.

Because of the photon counting detection tech-
nique, it is useful to start by analyzing the trans-
formation of the optical signal in the multistage
receiver for a well defined total photon number
contained in the pulse sequence. When the in-
put sequence carries exactly one photon in total,
the factors 1

2 (1 ± V ) specify the probabilities that
the photon is routed either into the correct or in-
correct time interval. Formally, incorrect routing
corresponds to flipping the value of the bit sup-
posed to be decoded at a given stage. Hence
the operation of a non-ideal multistage receiver

for a single input photon can be described as
a composition of m = log2 M binary symmetric
channels, each one with the same error proba-
bility 1

2 (1 − V ). Consequently, the Shannon mu-
tual information for one photon occupying the se-
quence reads

[
1 − H

(
1
2 (1 − V )

)]
log2 M , where

H(x) = −x log2 x − (1 − x) log2(1 − x) is the bi-
nary entropy function. When two or more photons
are present in the input sequence, non-ideal inter-
ference may route them into different slots at the
output of the cascade, producing photocounts in
multiple slots within the sequence duration. Un-
der the simple decoding assumption, such occur-
rences are treated as erasures and only events
when all the photons are detected in the same
slot are retained. Furthermore, it will be assumed
that routing of multiple photons through the cas-
cade is statistically independent. This model is
motivated by a scenario where photons arrive in
different spatial modes e.g. due to atmospheric
turbulence[9],[10].

Optimization
The attainable PIE is a function of the PSD of the
received optical signal, which can be character-
ized by the mean photon number per slot ns. For
a given ns the PIE needs to be optimized over
the format order M . In the case of ideal inter-
ference, V = 1, and Poissonian photon number
statistics, the maximum attainable PIE, expressed
in bits per photon, is well approximated by the ex-
pression[8]

Π(ns) =

(
W

(
2e

ns

)
− 2 +

[
W

(
2e

ns

)]−1)
log2 e

(1)
where W (·) is the Lambert function and e is Eu-
ler’s number. This expression is depicted in Fig. 3
along with results of numerical optimization over
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Fig. 2: When the interference visibility V of an individual
receiver stage is less than one, a fraction 1

2
(1 + V ) of the

input optical energy is transferred to the correct time interval,
while the remaning part 1

2
(1− V ) is left in the other interval

that corresponds to the flipped value of the respective bit.

M restricted to integer powers of 2.
In a realistic scenario with non-unit interference

visibility V the PIE has been calculated numeri-
cally using formulas given in Appendix and opti-
mized over M taken as an integer power of 2. It
has been assumed that the detector used at the
cascade output does not have photon number re-
solving capability. The results are shown in Fig. 3.
It is seen that the PIE increases unboundedly with
diminishing ns even when the interference visibil-
ity is substantially less than one.

An approximate analytical formula can be de-
rived from a simplifying assumption that only
cases when the received pulse sequence con-
tains exactly one photon contribute to the mutual
information. Such cases occur with the probabil-
ity p1 = (Mns) exp(−Mns). Following discussion
presented in the preceding section, the effective
PIE would be p1/(Mns)

[
1−H

(
1
2 (1−V )

)]
log2 M .

Expanding p1 up to the second order in Mns al-
lows one to express the maximum as

PIE∗ ≈
[
1− H

(
1
2 (1− V )

)]
Π(2ns), (2)

where Π(·) has been defined in Eq. (1). As seen
in Fig. 3, this formula slightly underestimates the
value obtained from numerical optimization.

Conclusions
Photon-efficient communication can be realized
with a BPSK signal using encoding based on
Hadamard words that are optically decoded in a
cascade of interferometric modules. The use of
the BPSK signal may be beneficial in scenarios
where the simplicity and adaptability of the trans-
mitter module are of primary concern. An exam-
ple of such a scenario is highly asymmetric com-
munication with deep-space probes, where most
of information transmission takes place space-to-
ground. In contrast to the requirements for the
transmitter module, the size, weight, and power
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Fig. 3: Photon information efficiency PIE as a function of the
signal strength quantified with the photon number per slot ns

for selected visibilities V of the interferometric stages.
Results of numerical optimization over the format order M
restricted to integer powers of 2 (solid lines) are compared

with approximations (dashed lines) given by Eq. (1) for
V = 1.00 and Eq. (2) otherwise. Light solid transverse lines

separate regions of different optimal format order M∗ labeled
with boxes specifying the number of stages m∗ = log2 M

∗.

consumption characteristics of the receiver sub-
system are not critical and it remains accessible
on the ground for maintenance and upgrades.

Practical construction of a multistage interfer-
ometric receiver presents a number of technical
challenges, including signal synchronization and
loss suppression. While the signal loss can be
taken into account by simple rescaling of the re-
ceived signal PSD, results presented here provide
a simple way to estimate the impact of imperfect
interference visibility on the receiver performance.
Importantly, effects of atmospheric turbulence can
be mitigated using delay line interferometers ac-
cepting multiple spatial modes[9],[10].
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Appendix
It is convenient to label the output slots with binary
strings c = cm−1 . . . c1c0 and define the Hamming
distance d(b, c) =

∑m−1
i=0 bi ⊕ ci. The conditional

probability of an exclusive photocount event in a
slot c given the input word b reads

pc|b =

∞∑
k=0

pk

(
1 + V

2

)k[m−d(b,c)](
1− V

2

)kd(b,c)

(3)
where k is the photon number in the sequence
taken to follow the Poisson distribution pk =

exp(−Mns)(Mns)
k/k!. The set of conditional

probabilities pc|b has been used to evaluate nu-
merically the mutual information for uniformly dis-
tributed input words, pb = 1/M . The sum over k
in Eq. (3) has been truncated at 10 photons.
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